In this paper we investigate a type of cascade problem on graphs that has been used to study the spread of new technology or opinions in social networks, see e.g., [Granovetter 1978 ]. The underlying model typically consists of a few (selected) initial adopters (nodes in the network) or "seeds" and a particular adoption model that determines the condition under which a node will choose to adopt given the states of its neighbors. A commonly studied model is the threshold model, whereby individuals adopt the new technology based on how many neighbors have already chosen it.
We consider random graphs with given degree distribution which are locally tree-like so that the structure up to any finite depth when viewed from any node of the graph is a tree with high probability. Using mean-field approximation, the final proportion of adopters is given by φ = Φ(µ) where µ is the solution to the fixed point equation µ = F (µ). The components of functions Φ(·) and F (·) are defined as follows:
Bernoulli random variables with parameter 1 − µ (j,j ) , D j is a random variable with the community j degree distribution, D m has intercommunity degree distribution, K j (·, ·) is the threshold function for nodes in community j, and α (j) dj ,dm is the probability of a node in community j to be a seed node, given her neighbors in community j and −j to be d j and d m respectively.
Providing a differential-equation-based tight approximation, we prove the sample-path of contagion process can be approximated using the solution of the following differential equation:
Moreover, we prove that the differential equation converges to the fixed point solution of F (µ) = µ that is closest to 1, which is also given by lim n→∞ F n (1). Finally, for the case of linear thresholds (as a function of the total degree) we characterize both necessary and sufficient conditions for contagion to happen. Specifically, we prove contagion happens if and only if ρ ∇F (1) is greater than 1 when α (j) dj ,dm is set to be zero, where ρ(·) is the Perron-Frobenius eigenvalue of a non-negative matrix. Finally, although we discuss results for two communities, all of them can be generalized to the case of k community.
